A MIRROR SYMMETRIC CONSTRUCTION OF qH^(G/P) 



Abstract. Let G be a simple simply connected complex algebraic group. We 
give a Lie-theoretic construction of a conjectural mirror family associated to 
a general flag variety G/P, and show that it recovers the Peterson variety 
presentation for the T-equivariant quantum cohomology rings qH^,(G/P)^ 
with quantum parameters inverted. For SL„/B we relate our construction to 
the mirror family defined by Givental and its T-equivariant analogue due to 
Joe and Kim. 



According to Givental [17j and Eguchi, Hori and Xiong jlll mirror symmetry 
should have an extension to Fano manifolds X, where it means in essence a 'mirror 
side' representation of the quantum cohomology Z?-module, or quantum differential 
equations, of X by complex oscillatory integrals. Such mirror models have pre- 
viously been constructed for toric Fano manifolds and the flag variety SL n /B by 
Givental [171 [18]. Moreover for SL n /B Joe and Kim proved also a T-equivariant 
version of Givental's mirror theorem [20] . 

In this paper we are interested in the case where X is a general flag variety G/P. 
Explicitly the ingredients for the mirror symmetric model associated to X should 
be the following. 

(1) A fc-parameter family Z of (affine) varieties Z s of dimension d = dimc(X). 
Here k = dimiJ 2 (X, C). 

(2) A family of holomorphic d-forms uj s on the fibers Z s in the family. 

(3) A holomorphic function T : Z — ► C, which will play the role of the phase. 
From these data one can write down complex oscillatory integrals 



where the T are certain continuous families of (possibly non-compact) cycles L s in 
Z a , for example associated to T via Morse theory of Re(J-), see [17], pQ. 

In our case X = G/P and has an action of a maximal torus T. Let f) be the Lie 
algebra of T. To obtain a T-equivariant analogue we need to add one more item to 
the data (1-3). 

(4) A multi-valued holomorphic function <fi : Z x () — » C. Or more precisely, a 
holomorphic function </> on a covering Z x f) of Z x f). 
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1. Introduction 



(1.1) 




2 



KONSTANZE RIETSCH 



Using (4) one can write down the more general integrals 
(1.2) S r (s,h) = J e p ' h 4>( ,h) a) s , 

where T s now lies in the covering Z of Z and we have denoted the pullbacks of T 
and u> 8 to Z by T and u> s , respectively. 

Mirror symmetry for G/P should involve a presentation of the set of solutions 
to the (T-equivariant) quantum differential equations associated to G/P, see |16[ 
|2"UI [5] , via integrals of the form (jl.lj) , respectively (|1.2p . 

We now turn our attention to quantum cohomology. There is a remarkable, uni- 
fied Lie-theoretic presentation for the (T-equivariant) quantum cohomology rings 
qH?p{G / P) which was discovered by Dale Peterson [33 . From his point of view the 
quantum cohomology rings arise as (posssibly non-reduced) coordinate rings, 

q H* T {G/p) = c[y P ], 

where yp is a particular affine stratum, of the so-called 'Peterson variety' y in 
G v /B v x f). We will review Peterson's results in Section [3721 

Following Givental [TH] on the other hand, relations for the small quantum coho- 
mology ring are obtained as equations for the characteristic variety of the quantum 
cohomology D-module. And for this variety there is a somewhat corresponding con- 
struction on the mirror side, which is to look at what is 'swept out' by the critical 
points of T along the fibers of the family Z (or the critical points of T + In 4>( ,h), 
in the T-equivariant case). 

In this paper we will give a Lie theoretic construction associating to any G/P 
a family Z = Zp with associated data (1-4). The fibers Z s of the family turn out 
to have natural compactifications to G v /P v , and the base is the algebraic torus 
H 2 (G/P, C)/2niH 2 {G/P, Z), or is P 2 (G/P, C) if we pull back along the exponential 
map. The main result, Theorem 14.11 says that the critical points of T + \n<j)( ,h) 
along the fibers Z s and for varying h indeed recover the Peterson variety stratum 
yp (or, more precisely, the open dense part in 3^p where the quantum parameters 
are nonzero). 

This result supports the mirror conjectures, stated in Section[5J that the integrals 
(|l.ip and (|1.2[) defined in terms of our data (Z P , w, Tp, <f)p) should give solutions 
to the quantum differential equations associated to G/P and their T-equivariant 
analogues, respectively. 

In the final section we verify these mirror conjectures in the special case of 
SL n /B by comparing our mirror construction with Givental's |17j . and, in the 
equivariant case, with the construction of Joe and Kim, [20] . Explicitly, Givental's 
mirror family is shown to appear as an open subset inside our Zp, and J- and the 
u> s are related by restriction. The relationship with Joe and Kim's integrals is via 
a comparison map which is a covering of an open inclusion, but 1-1 on any of Joe 
and Kim's integration contours. 

We plan to discuss the mirror conjecture for the general G/B case in a future 
paper. In that setting the quantum differential equations were determined by Kim, 
and the mirror conjecture can be interpreted as saying that the integrals define 
Whittaker functions obeying the quantum Toda lattice associated to the Langlands 
dual root system. In this direction, but still confined to type A, there has already 
been some interesting independent work of Gerasimov, Kharchev, Lebedev and 
Oblezin [14] . who reproved Givental's mirror theorem using representation theory. 
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This work was motivated on the one hand by a desire to put the papers [17| , l20] , l3]. 
concerning mirror constructions for classical flag varieties, into a Lie theoretic con- 
text. And on the other hand it is an attempt to better understand Dale Peterson's 
powerful point of view about quantum cohomology, [33] . Morally speaking, it says 
that Peterson's presentation of qH^(G / P) via the variety yp might be considered 
a mirror symmetry phenomenon for G / P. 

Acknowledgments. I am indebted to Dale Peterson for his inspiring lectures on 
quantum cohomology. These results were finally written up during a six month 
stay in Waterloo, Canada. I would like to thank the Perimeter Institute and the 
University of Waterloo for their hospitality. 

2. Background and notation 

Let G be a simple simply connected algebraic group over C of rank n. We fix 
opposite Borel subgroups B = £>_ and B + with unipotent radicals U— and [/+, 
respectively. Let T be the maximal torus T = B + n B- , and W = N G (T)/T the 
Weyl group. 

Let g be the Lie algebra of G and f)_, b+, u_, u+, fj the Lie algebras of B_, B + , U-,U + 
and T, respectively. The adjoint action of G is denoted by a dot for simplicity. So 
g ■ X := Ad(g)X, for g £ G and Similarly for the coadjoint action, so when 

leg*. 

Let X*(T) be the character group of T and Q C X*(T) the root lattice. We 
will sometimes view these as lying in f)*. Let A + be the set of positive roots 
corresponding to B + , so that the Lie algebra of B + written as sum of weight spaces 
with respect to the adjoint action of T is 

b + = £>«■ 

a£A + 

We set I = {1, . . . , n}, where n is the rank of G, and use I to enumerate the simple 
roots {cti | i £ 1} in A+. Corresponding to the simple roots (and their negatives), 
we have the Chevalley generators ej and in g Qi and g_ Qi , respectively. These 
define the one parameter subgroups 

Xi(t) := exp(tei), yi(t) := exp(t/j), 

where t £ C. Let 

(2.1) Si = Xi(l)yi(-l)xiQ.). 

Then Si represents a simple reflection in W which we denote by s,. For general 
w £ W, a representative w £ G is defined by w = s^s^ • • ■ Sj m , where s^s^ • • • Sj m 
is a (any) reduced expression for w. The length m of a reduced expression for u> is 
denoted by £(w). 

Let P D J? be a (fixed) parabolic subgroup of G. Define Ip = {i £ I \ Si £ P} 
and let I p be its complement in /. We will usually denote the elements of I p by 

I p = {ni, . . . ,n k }, 

for 1 < m < n 2 < • ■ • < rife. We denote by Wp the parabolic subgroup of TU 
associated to P, and by W p the set of minimal length coset representatives in 
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W/Wp. So 

W P := (si \ieI P ), 

W p := {w eW \ e{wsi) > t(w) for all i G I P .} 

Let wp be the longest element in the parabolic subgroup Wp. For example wb = 1 
and wq is the longest element in W, also denoted u> . 

Let G v be the Langlands dual group to G. Note that G v is adjoint since G was 
simply connected. We will use all the same notation for G v as for G, but with 
an added superscript where required. For example the Chevalley generators of g v 
are denoted by e( and f^, where i E I. The Weyl group for G v is again W. For 
simplicity we will write w again for the representative of w in G v obtained as above. 
Identify f) v with t)*, the dual of the Lie algebra of T. In particular we may view 
the weight and root lattices of G as lying inside f) v . The dual pairing between f) 
and f) v is denoted by < , >. 

We will also consider the universal covering group G v of G v . Let it : G v — ► G v 
be the covering map. The group G v has maximal torus T v = ir~ 1 (T y ) and Borel 
subgroups B/_ = tt" 1 ^) and = 7r _1 (S^). The unipotent radicals of B y _ and 
B^_ can be identified with and UY, respectively, via ir. Also the Weyl group 
representatives in G v defined via (12. ip are identified via tt with those in G v , and 
we will suppress the difference in our notation. 

For any dominant coweight A v we have an irreducible representation V(X V ) of 
G v . In each V(X V ) let us fix a lowest weight vector . Then for any v G V(A V ) 
and extremal weight vector w ■ v^ v we have the coefficient (w, w ■ v^ v ) G C defined 

by 

v = (y, lb ■ v^ v \ w ■ v^v + other weight space summands. 

Let v^ v := wo ■ v^ v . The most important choices for A v are the fundamental 
coweights U)Y , where i G /, and p v := J2 ieI ^ . If A v G Q v then also G v acts on 
F(A V ). 

In the Langlands dual context we will consider the flag variety G v /i?X- Then 
for two elements v, w G W with v < w we have the intersection of opposed Bruhat 
cells 

K. w ■= {BlvB y _C\B y _wB y _)/Bl 
in G v /i?X. It is known that 12% w is smooth and irreducible of dimension £(w)—£(v), 

3. Equivariant quantum cohomology of G/P and Peterson's 

PRESENTATIONS. 

3.1. The (small) quantum cohomology ring of G/P is a deformation of the usual 
cohomology ring with k = dim H 2 (G/P) parameters, 

qH* (G/P) S H* (G/P) ®C[q u ...,q k ], 

where the deformed cup product has structure constants given by genus 0, 3-point 
Gromov-Witten invariants. We refer the reader to [9l [T2] for definitions and back- 
ground. Note that we will always take coefficients to be in C. For an equivariant 
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version of quantum cohomology see the papers [H H9j I23j . The T-equivariant quan- 
tum cohomology qH^(G/P) is a module over C[gi, . . . , qk] and C[h], and is a simul- 
taneous deformation of the quantum cohomology and the equivariant cohomology 
rings. 

In the literature there are many special cases of flag varieties where presentations 
of quantum cohomology rings have been explicitly determined. See for example 
(221 El E E3] in type A, [24] for general G/B, and [38] for Grassmannians in other 
types. 

The structure of (non-equi variant) quantum cohomology for general G/P is de- 
scribed in [13] [39] [33] . For qH^{G/P) Mihalcea has given a quantum Chevalley 
formula [32], and thereby completely determined the ring structure. 

The only general construction of presentations for quantum cohomology rings of 
flag varieties G/P is due to Dale Peterson [33], unpublished so far. It involves the 
remarkable 'Peterson variety' y which we now introduce. 

3.2. Following [32j we define a closed 2n-dimensional subvariety y of G v /B v x f) . 
Let us canonically identify f) with the zero weight space (g v )* via f) = (f) v )*. Define 

iel 

where (e^)* denotes the linear functional which is one on ef and zero along all 
other weight spaces. We write g ■ r\ for the coadjoint action of g G G v on rj G (<7 V )*- 
The (equivariant) Peterson variety is the subvariety of G v / x f) defined by 

y := { (gBl,h) G (G v /B^) x f) | g- 1 ■ (F - h) vanishes on [u^,u^]} . 

Its fiber over G f) is 

Y := { gB y _ \ g' 1 ■ F vanishes on [u^,u^]} , 

and may also be called the Peterson variety, see [27] . 

To a parabolic P 3 B associate strata yp and Yp, in y and Y, respectively, 
which arise from (possibly non-reduced) intersections with Bruhat cells for B^, 

y P := y x (G v /B v )xh (BlwpB y _/Bl x fj), 
Y P := Y x G v /B v (B y + w P B y _/B v _). 

Moreover we consider the following open subvarieties obtained by intersection with 
the big Bruhat cell for £>X, 

y* :=y x (G v /s v )xh (Blw a Bl/Bl x f)), 
Y* :=Y x G v /B v (B v _w B v _/B w _), 

and their strata 

y*P ■= y x (G v /B v )xl) (Kl PtW0 x Fj), 



3.3. We now state some results of Peterson's [33] which are essential to, and sig- 
nificantly inspired, this work. 
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3.3.1. First of all, yp and Yp are (possibly non-reduced) affine varieties of pure 
dimension \I P \ + n and \I P \, respectively, and one has the decomposition 

y(Q = \Jy P (c) 
p 

for the C-valued points. Here P runs over the set of all parabolic subgroups of G 
containing B. See [2711128] for a treatment of the non-equivariant case, in particular 
Kostant proved that Yp is irreducible. 

3.3.2. There is an isomorphism, 

y* £ {(b,h) e Bl x f) | b- (F - h) = F - h) 

given by the map (b,h) i— ► (bwoB^, h) from right to left. Setting h = we have 
that Y* is isomorphic to the stabilizer in of F. 

3.3.3. There is an explicit isomorphism 

(3.1) qH*(G/P)^C[Y P ], 

from the quantum cohomology ring of G/P to the coordinate ring of Yp. See [341135] 
for a description and proof of Peterson's isomorphism in the case of qH*(SL n /P). 

Replacing Y by y and qH*(G/P) by qH^(G/P) in (13. 1|) gives an equivariant 
version of this result, 

(3.2) qH^(G/P)^C[y P ], 
which was formulated in [33], and follows from [33J and [32] , 

3.3.4. The varieties yp,Yp are open dense in y P and Yp, respectively, and the 
map (|3.2|) induces an isomorphism 

(3.3) qH*(G/P)[qi\ . . .,q^] ^ C[y* P }. 

3.3.5. In the case of G/B the isomorphism 

(3.4) qH* T {G/B)^C[y B ], 

is related to Kim's presentation [55] of qH* (G / B) as follows. Kim described the 
relations of the T-equivariant small quantum cohomology ring of G/B in terms of 
integrals of motion of the Toda lattice associated to the Langlands dual group. The 
phase space T*{T V )=T V x f) of the Toda lattice for G v may be embedded into (g v )* 

by 

( t ,h')~F-h'-J2aUWi)\ 

where (//)* is defined analogously to (e^)* and \) is identified with (f) v )* viewed 
as a subspace of (0 V )*- This is Kostant's construction [26]. The image of the 
embedding is the translate by F of a B^-coadjoint orbit in (fa^)* C (fl v )*, and 
the integrals of motion of the Toda lattice are given by restrictions of G v -invariant 
polynomials on (fl v )*. By Chevalley's restriction theorem C[(g v )*] G = C[t)] lv and 
the latter is a polynomial ring with n homogeneous generators Si, ... , £„. Now let 

■A:=F+f,©£c(/>y c( v r, 

and consider the map 

E : A -> f)/W 
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obtained from C[t)] w ^ C[(g v )*]. Then Kim's presentation of qH^(G/B) can be 
restated as an isomorphism 

qH^(G/B)^C[Ax Ww {,]. 

Finally, we have a map 

{uB y _,h) i-> (u- 1 ■ (F - h),h), 

where u 6 U+. This is an isomorphism by another result of Kostant's, see [25] . 
Peterson's map (|3.4p is given by the composition of Kim's presentation with fi* . 

3.3.6. For w £ W p let 

aZ /P € qH* T {G/P) 

denote the corresponding (quantum equivariant) Schubert class. The Schubert 
classes &q/ b for G/B may be viewed as rational functions on y. Peterson's theory 
implies that if w S W p , then the restriction of &q/ b to yp is a regular function 
and under (|3.2[) represents the Schubert class &g/ p - In particular it follows that 
all of the isomorphisms (|3.2[) for varying P are explicitly determined by (|3.4[) . In 
the special case of qH*(SL n /P) an ad hoc proof of this relationship between the 
Schubert classes is given in [34] . 

3.3.7. Let j G {1, . . . , k}. The map (|3. 2[) identifies qj with the regular function on 
y P given by 

[uwpB^h) ' * -(F - h)(uw P • f%). 

4. A MIRROR CONSTRUCTION FOR H^{G / P)(q) 

In this section we will introduce the ingredients (1), (3) and (4) of mirror sym- 
metry described in the introduction for a general flag variety G/P. Then we will 
state the main theorem, which gives a mirror symmetric construction of the strata 
yp in the equivariant Peterson variety. 

4.1. Let 

(4.1) Z = Z P := {(t, b) e {T y ) Wp xB^\be Ultwpw^Ul). 

We view Zp as a family of varieties via the map p^ : Zp — > (T v ) Wp project mg 
onto the first factor. For t £ (T y ) wp let us write 

(4.2) Z P := B y _ n UXtwpw^UX, 

which we may identify with the fiber prj" 1 (t) in Zp. We record the following basic 
properties of the family Zp. 

(1) Projection onto the second factor in Zp restricts to an isomorphism 

pr 2 : Z P Bl n Ul{T y ) Wp WpWQ X Ul. 

(2) Fix te (T v ) Wp . Then the fiber Zp is smooth of dimension n P = dim G/P, 
and may be identified with TZ v lp Wq by 

b i ► bwoBl/Bl. 
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(3) Using the isomorphism from (2) to identify all the fibers we obtain a trivi- 
alization 

(4-3) Z P ^(T^) W - xKl p<W0 . 

The map ipp : Zp — » 7£^„ w obtained by composing with the projection 
onto the second factor in the trivialization will be important later on. 

The properties (1-3) are straightforward to verify. We note that the fibers can be 
naturally compactificd to give the Langlands dual flag variety G v /P v . 

4.2. Let 

iei 

iei P ' p ' * 

In particular fY g -, = f v . We define a function T = J-p : Zp — > C in terms of the 
representation V{p y ) of G v as follows. 

\f(p) b-vp,w P - ) + (^/ V ' V P > MP ■ V ) 



(4.4) F P (t,b) = 



where b e G v with ir(b) — b. Note that the denominator insures that J-p is well 
defined, that is, independent of the choice of v~ v or lift b. We also denote by J-p 
the restriction to any Zp. 

4.3. Consider the fundamental representations V(oj^). In terms similar to (|4.4[) 
the multi- valued function <f> = <f>p : Zp x fj — > C we will define can be thought of as 
taking the form 

, , /_ \ ai(h) 

(4.5) ^,6;/i)=n(&-<v ! v+v) 

iei 

This is only a well-defined function if h, after identifying [) with (f) v )*, is in the 
root lattice for G v . If h is also dominant we can simply look at the representation 
V(h), and <p becomes the highest weight coefficient 

cj>(t,b; h) = (b-v+,v+). 

To give the definition more generally we consider the covering space 

Z P := Z P x T v h v = {(t,b,h v R ) 6Z P xl) v | &exp(-&X) £ 17*} 

of Z P . If i e (T v )^, let us also write 

Z P := {{b 7 h v H ) e Z P x f) v | 6exp(-/i^) 6 17*}, 

in correspondence with (|4.2|) . Then we have two families of varieties related by a 
covering map cp, 

Zp — — * Zp 
pri I I pr a 
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where Z P naturally identifies with a fiber on the left hand side, and such that each 
of these fibers is also a covering of the corresponding fiber of Zp, 

Z P ^Zp : (6, hp) i y b. 

We define a holomorphic function <j) on Zp x t) by 



4> : Z P x f) - 
[ > (t,b,hp-h) i — ^ e<' l ^>, 

where < , > is the dual pairing between f) and f) v . It is clear that this agrees with 
the matrix coefficient (b ■ v^,v^ s ) if h is a dominant weight in the root lattice of 
G v . We denote the restriction of <f> to any Zp again by <f>. 

We now take (|4.6|) to be our definition of the multi-valued function 0. While 
<j) is multi- valued on Zp, note that it follows immediately from the definition that 
the logarithmic derivative of <fi along any Zp direction is independent of the chosen 
branch (i.e. depends only on (t, b) and not on hp). In particular for fixed ft e f) it 
makes sense to talk about critical points of fn(</>( ; ft)) in a fiber Zp of the original 
mirror family Zp, as we will do below. 

4.4. We can now formulate our main result connecting the mirror data constructed 
above with the quantum cohomology rings of the homogeneous spaces G/P. Let 

Zpjf := {(t, b; ft) £ Zp x fj | b is a critical point for {Tp + ln</>( ; ft)) \ z t }. 

Note that the quantum parameters q\,...,qk in qH*(G/P) can be naturally 
thought of as functions e tj on H 2 (G/P, C)/2TriH 2 (G/P, Z), where the tj run through 
a certain basis in ^(G/P) (dual to the Schubert basis of H 2 (G/P)). If we identify 

H 2 (G/P,C) = {\) y ) Wp 

by the Borel-Weil homomorphism then the tj are represented by the roots 
(of G v ) associated to I p . Therefore the qj are identified with the corresponding 
functions on (T y ) Wp , which we again denote by ct^. . This is precisely how the 
quantum parameters will appear below. 

Theorem 4.1. The map ipp : Zp — > 7V^ p from (3) in Section [777] induces an 
isomorphism 

(4.7) iipxidt,: Z c P "J^yp, 

such that the following diagram commutes 



rycrit 



(4.8) pr, 



(«»)?=! 



( T V)M/ P ( C *) fc . 
iJere i/ie isomorphism (T y ) Wp — > (C*) fc is given by (a^.)j =1 . Moreover we have 
(4.9) ZfJf = {(t, b;h) £ Zp \ b ■ (F - h) = F — h}. 

Corollary 4.2. Combining (|4.7[) iwift £/ie isomorphism (|3.3p one obtains 
qH* T {G/PM\...,q^]^C[ZA 
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n 



5. Proof of Theorem 14.11 
We prove first some preparatory lemmas. 

Lemma 5.1. Let i £ I and i* be such that Wq ■ = —a,*. 

(1) Then 

J-V • -1 /V V 

wo ■ fi = w ■ f t = -el,. 

(2) For any parabolic P , 

wpwp G (T v ) Wp . 

(3) If i* lies in Ip, and i G Ip is defined by wpw^ 1 ■ a, = aq, the 

■ —1 fV fV 

wpw ■ f l = f - . 

Proof. Note that we have s^ 1 • fi = — e/, which can be checked by a direct cal- 
culation. Similarly s^ 1 ■ e( — —fi • Now consider the fundamental representation 
V(u>y) of G v . We have 

(kt 1 ■ fi) ■ v~ r , 4 ■ v ) = (w^fy ■ v+ r , e y, • v~ r J> 

/ • -1 • V •— 1 + V — \ /• • -1 V j-V + V — \ 

= - (w Sl ei Si ■ vZy , ■ « u v J = - (Si* w e, f ■ , e(, ■ J 

= - (st-wo 1 ■ w^v.eji • ujv) = - ^»u- v ,e t X -«Jv) = -1. 

This implies the second equality in (1). Analogously we can show the identity 

(Vo ■ ft) ■ v~ r , e, v , • v~v J> = -1, 

and this implies also the first equality. 

For (2) let e = wpwp. Then e G T v , and we need to show that a/(e) = 1 
whenever i G Ip. This holds since by (1) we have 

wpiiip ■ e( = e-, for i G /p. 

Applying (1) twice as follows, 

• — 1 j-V V • — 1 j-V r ■* ,- t 

w P ■ fi = -e 4 . = w ■ f , for i G Ip, 
implies (3). □ 
Lemma 5.2. Let 

beB v _ n ^v^^-i^v 

urat/i factorization b = u\tw pw^ 1 u^ 1 for u\,U2 G C/+ and < G ^j , v^Wp_ J7j eri 

^ P (6)=i?(u2-p)-J'(« l -p). 
Proof. Let t G (T v ) w/p with 7r(t) = i and 6 = uJ,w P w^ l u^ 1 G G v covering 6. Note 
that ( 6 • vT\, ,wp ■ v7 v ) = ( u\iwp ■ v7 v ,wp ■ v~ y ) — p v (£ )~ 1 . Then we have 



(5-1) Fp{b) = ((/ ( V P) 6 • v+ , w P ■ v ) + (b.r ■ v+ , w P ■ V )) 

= P V {t) ((/(p)MiiwpWo 1 • w+v,w P • Wpv^) + (uitwpw^u^ 1 f v ■ v+ v ,w P ■ V v )) 

= (f(p)UxWp ■ U~v , «Jp • V~ v ^ + (uiWpW^U^ 1 / V • W+v ,W P -Vpsj\. 
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Here the p v (t) was cancelled against the t factors in both summands. Note that 
(5.2) s iWp •(-/)- w P ■ (-p v ) e 



Z<o <xf for i G Ip, 
Z>o a/ for i £ I p . 



jV, and if i e 7 P 
annihilated by / ; v . Now the left hand summand of (|5.1|) simplifies to 



Therefore if i £ ip then ■ w pV is annihilated by e^, and if i e / then it is 



(f( P ) u ^p ■ v > p ■ v ) = E <wp .pv ;Qt > (/i v «i^ ■ v > ^ • v ) 

= E ^ ~v -( e » v )*( M i • />) (fi e i^p ■ v , »? • v ) 

^— ; < tup • p v , a; > \ ^ *W 

= ~E <WD \ {^T{ur P ){[f^et}wp-v- p ^wp ■v) = -E( e ")V 

using also that [fi, e^] acts on tip • v~7v by a factor of < rop • p v , ai >. 
For the right hand summand from (|5.ip we obtain 

(uxwpw^u^r ■ w+v , iip ■ W~v ^> 
= ^iwptii 1 / v • «pv>p • V^}+^(e^)*(u 2 -p) ^iwpaig" 1 ^,/ 7 ] • t)+v,«ip • Wpv^> 

= ^UlU)pW V V ■ W+v , MP • ) + F(u 2 • P) (uiWp ■ V~ v , lilp ■ V~ v ^ 

= ^ (uiWpWq \fi ■ vp,w P ■ w~v) + F{u 2 ■ p), 



i*ei f 



by similar weight space considerations as above. Finally, using also Lemma l5~Tl (3'). 
the right hand summand of (|5.1| simplifies further to 

^2 (uiwpw^fy ■ vp ) Wp-Vp V ) + F(u 2 ■ p) 



i*eip 



E \ u ^fi™P ■ V ,Wp-v pV ) + F{u 2 ■ p) 



ieip 



E ( e * v )>i ■ p) (&>fi]™p ■ v . ™p ■ v ) + F ^ ■ p) 



ieip 



= -Y,( e Tr(u 1 - P )+F(u 2 -p), 

ieip 

noting that < -i«p • p v , on >= 1 for i G ip. Combining the two summands gives 

Fp$) = E K v n^ • p) + ( - E ^ v )*( ui • <°) + F ( U2 • py\ 

iai p \ ieip I 

= F{u 2 -p)-F{u l -p). 

□ 
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Lemma 5.3. Let Q D B be the parabolic subgroup determined by Wq — woWpw 1 . 
IfbeB^f) UXiT^^ibpw^UX then 

(5.3) b- l EBl n UXI^^wqw^UX, 

and the map b > b^ 1 induces an isomorphism op : Zp — ► Zq. Moreover we have 

(5.4) T P (b) = -Tgib- 1 ). 

Proof. Let us write b = uitwpWQ 1 ^ 1 in the usual way. Then 

b^ 1 — U2(w t^ 1 WQ 1 )w Q Wp 1 u^ 1 = u 2 (wot~ 1 WQ 1 )(w Wp 1 w ibQ 1 )wQWQ 1 u^ 1 . 

Now let e = wqW^woWq 1 = Wq^wqWoWq 1 . By Lemma IQl (2) we have wqWo = 1, 
since G v is adjoint, and e = (wqwq)- 1 6 (T 7 )^. 

The isomorphism erp : Zp — ► Zg is given explicitly by 

(5.5) crp(t,b) := (wot-^w^e^- 1 ). 

Its inverse is oq. The identity (|5.4[) follows from Lemma T5. 21 □ 
Recall that by 14. II (2) we had an isomorphism 

Blnultw P w^uX^nl P:W0 . 

In particular Z P = BY n U+twpw ~ 1 U+ is smooth of dimension np. We now 
determine its tangent space at a point &o- 

Lemma 5.4. Bkc i 6 [T y ) Wp and consider b Q e B y _ n UXtwpWQ 1 !!^ with fac- 
torization bo — uxtihpWQ U2 , for U\,ui G f/+. W^e mew elements of bY_ as right 
invariant vector fields on B^_ . Then the map 

V ^ • V r V 

?y:u_nwp-u_ — > b_, 

C ' — ► : = Pr b v(ui • C), 
gives rise to an isomorphism 

(5 - 6) C — too- 

Proof. Let A 3> in Q v . We consider the representations V(A) and V(X + a$.) of 
(b-v+,w P -v-) 



G v . Then B^ n U+tw P w 1 UY inside B^ is described by the equations 



= oV(t), 



(b-v^,w-v^^ = for w W with w ^ wp, 

where & € BX, and keeping in mind that G v is of adjoint type. 

Let C G uY flwp -uY. We apply the vector field ^ to the defining equations from 



above. So 



= (wiCur 1& o • "ai^ • U A ) _ (p r u^(""i • C)bo -vf,w- 

= (uiQtwp ■ v^, w ■ ) - ( pr u v (tti • Qmtwp -v^,w -v^ . 
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Since £ G tiip -u^ it follows that the first summand vanishes. The second summand 
is zero whenever w ^ wp, by weight space considerations. So 

tj c (^(^v+,w -v-^j (6 ) =0 

if io = wp or to ^ wp, and for any A. In particular also 



(_< +Q v ,wp ■«A +Q y. ) 



(bo) = 0. 



It follows that is tangent to B^. fl U+twpw 1 U+. 

Suppose £ £ is homogeneous of weight — a v . Then we have 



and therefore 77 is injective. Comparing dimensions this implies that the map from 
(|5.6|) is an isomorphism. □ 



Proof of Theorem\4l\ Consider a fixed b = Ul tw pw^ 1 u^ 1 in Bl, with t e (T v ) w ^ 
and ui,u 2 6 £/+. 

Derivatives of Fp. Let ( 6 fl wp • u^. We may assume £ is homogeneous. 
We want to compute the derivative of J-p in the (jiq )b direction. Let us write 
(vOb = — P r u^( u i ' C) + u i ' C Note that as for the adjoint action of G v on g v 
we also denote below the conjugation action of the group on itself by a dot. So 
g ■ h := ghg^ 1 for g,h G G v . Then we have 



(5.7) ry c (^ P )(6) 



d 
ds 

d_ 
ds 



d 
ds 



Tp\e 



d 

ds 



-spr u v(«i-C) eS(tll . f)j 



./-pie + wie ^twpw u 2 I 



T / - s P r uv(«i-C) . .-1/. .-1.-1 SC\ -A 
J-p (e + uitwpw Q (wqw p t •e^)u 2 J 

W r • --U-1 -sC\ \ ^ r? f -spr u Y( Ul '0 
F (w 2 (i"oWp i • e K ) ■ p) ~ — F \ e + 



ui ■ p 



using Lemma [22] for the last equality, and the fact that wqw p 1 ■( e u^. The right 
hand summand now simplifies as follows, 



< 5 - 8 > -5 



F (e spr "+ (ui C) Ul . = F ( pr u v(ui ■Q,u 1 -p ) 



F 



([pr u v( Ul -0,p]) =-F(pr u v( Ul -C)) =-F( Ul -{) 



For the left hand summand we have 



< 5 - 9 > s 



F (u 2 (moWpH 



) -p) = -F(«2- [^p^-Cp]) 
-F ( [i/;,,^ 1 *- 1 • C, p] ) = F (woWpH- 1 • C) • 
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We now write uY_ = [uYl,uY_] © ©i e /£)Y_ Q v and distinguish between two cases, 
corresponding to whether ihp 1 ■ £ lies in the one summand, [uY_,uY_], or the other, 

Case 1. Suppose Wp 1 ■ C £ [uY_,uY_]. Then we have 

w w P H- 1 • C e [<,<] 

and therefore F (woWp 1 ** 1 • Q =0. 

Case 2 : In this case, since ibp 1 • £ must also lie in Wp 1 ■ uY_, and 



Kiel / iei r 



el 



we have (£wp- 8- a y for sonic i 6 I . Suppose therefore £ = tip ■ for i € 7 
Then (|5.9| simplifies further to 

F (wowph- 1 .Q=F (wot- 1 ■ //) = (too • /X) - -a 4 v W, 

using also Lemma [5TTI (1). 

Combining (|5.8[) with the above two cases for (|5.9p we get 



(5.10) r ?c (^ P )(6) 



-F( Ul -C) if ^p 1 -Ce [uY_,uY_], 

-«y (t) - F( Ul ?ip • /Y) if C = lip • fy and i e I F 



Note that, if ^(J r p)(&) = for all £ £ uY_ n tip • uY_, then by Case 1 above we have 



lip^r 1 • F 



0. 



This implies that u\ibpB /B , or equivalently bw^B /B , lies in the non-equivariant 
Peterson variety Yp. 

Logarithmic derivative of <f>. Let (eu^fl tip • uY_. Decomposing 

(%)& = P r u^ (""l • C) + Prf,v (wi • C) 

we see that (77^)5 lifts to the tangent vector 

(Vc)(b,h%) = (P r f,v ("i ' 0, PV (wi ■ 0) 

in T^j^^Zp) C © f) v . The logarithmic derivative of <f> in this direction is 
therefore given by 



(5.11) fj c (ln4>(;h))(b,hl)=^- s 



s=0 



< h,s pr^v (ui ■ C) + hp > 



=< h,pr^v(ui • C) > 



Note again that 77^ (In </>( ; h))(b, hp) no longer depends on the choice of lift (6, hp) £ 
Z P of b, and is a well-defined function on Z P . We view this as the derivative of the 
multi-valued function ln</>( ; h) at the point b in Z P in the direction (%)&, and may 
also denote it by 7^ (In </>)(&; ft). 

The critical points of Tp +ln0( ; h) along fibers. By definition 

Zp r i $ = {(t,b;h)£Z P xt) I r, Q {T P ){b)+r, Q {\n(t>){b-h) =0 for all C G n ti P • } 
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As before we have two cases for 

(1) If C 6 w P ■ [ui ., u v _] n then, by (|CTD and (l5~TUD . 

Vd^p)(b) +vd^<t>)Q>;h) = u^ ■ (-F + h) (C), 

where h G fj = (f) v )* is considered as an element of (g v )*- Let us replace 
C by C := Wp 1 • £, so £ G [uY.,uYJ (~l Wp 1 • u^. The critical point condition 
V({^p + m< ?K ; — in this case reads 

WpV'K + ^KVC for all Ce [uV-]n!ip'-u v _, 

in terms of 

(2) If C = w P ■ / 4 V for i£/ p , then by (j5~TT1) and (pHO]) we have 
ffc l p./ < v + ^p./v (In </>)(&; ft) = -afti) - (u^ • " h))(w P ■ //). 

Finally, note that if ( G [u^, u^] n Wp 1 • u+, then w P ■ C 6 [u^u^], so 

lip^r 1 • (-F + h)(C) = 
automatically. Therefore the critical point condition (1) implies 

Wp 1 ^ 1 ■ (-F + h)\[ u v iU v] = 0. 
Combining (1) and (2) above, we find that the critical point locus Zp r ^ is given 

by 

{wp 1 ^ 1 ■ (F- h) |[ u v, tt v] = 
e *'** (F-^K^/v).-.^^ 
for b = u\twpw 1 u 2 1 and i £ l p 
This implies that b i— > bwoB^_/ = u\Wp ■ B y _f ' B^_ defines a map 

(5.13) zp r #^yp. 

Comparing with Peterson's description of the quantum parameters, Section 13.3.71 
we see that the diagram (j4.8[) commutes. 

To show that (|5. 13[) is an isomorphism, consider (uwpB^_/ B^_, h) G yp, where 
u G Uy_. Define t G {T y ) Wp by the condition 

(F - h){uw P ■ ft) = -aY(t), for all i G I p . 

Then since uwpB)!_/ B^_ G 7£^ p Wg there is a unique 6 = iti£'u;pw; ( j" 1 ii^ 1 G Z p with 

bwoBl/Bl = uwpBl/Bl, 

as in (2) of Section |4~T1 It is clear from (|5.12| that (t, b; h) G Zpj, and so we have 
defined an inverse to (|5. 13|) . 

The description (|4. 9|) of Zp r ^ is an immediate consequence of (15.131) being an 
isomorphism, together with the analogous result for the Peterson variety from Sec- 
tion I3.3.2[ which is due to Dale Peterson and originates from a description of 
Kostant's for the leaves of the Toda lattice. We explain the proof here for com- 
pleteness. It starts with the observation that the condition 

Wp 1 ^ 1 ■ (F- h) |[ u v, u v] = 

implies that the element 

b^ 1 ■ (F — h) = u 2 w w p 1 r l u^ 1 • (F -h) 
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vanishes on [u+,u+], and therefore lies in ©^/(flaj* © (f) v )*- Now the fact that 
b £ implies immediately that 

b- 1 -(F-h) (Zi v ) = (F -h) (b-h y ) = - < h, h v > 

for any Zi v S f) v . And direct calculation using the second condition from (|5.12p . 
along with the fact that a, (i) = 1 if i G Ip, shows that 

b- l -{F-h) (eV) = l 

for any i £ I. Therefore in fact 6 _1 ■ (F — h) = F — h and 

(5.14) Z c P r % C {(i, b;h) € Z P \ b ■ (F - h) = F - h}. 

The opposite inclusion follows using the identity 

tw 1 u 2 1 ■(F-h) = tw^u^b^ 1 ■ (F - h) = wp 1 ^ 1 ■ (F - h), 

for any b in the right hand side of (|5.14[) . □ 

6. Deodhar stratifications and standard coordinates 

In this section we introduce coordinate systems on intersections of opposite 
Bruhat cells. These will be used in the subsequent sections firstly to define the 
holomorphic np-forms we need to state the mirror conjecture for G/P, and sec- 
ondly to compare our mirror construction with the one from |17[ I20j in type A. 



6.1. Intersections of opposed Bruhat cells lZ VtW were decomposed into strata iso- 
morphic to products of the form C p x (C*) 9 by Deodhar [10] . We will give a practical 
definition of these strata following [31] . This latter description has the advantage 
of providing for every stratum natural coordinates to work with. 

Let w <E W and Si 2 . . . Sj m =wbea fixed reduced expression which we denote 
by i = (ii, . . . , i m ). We consider a sequence of integers 1 < ji < . . . < jt < m as 
giving a subexpression . . . of . . . s, m . We say it is a subexpression for v 
if Si 3i . . . Si jt = v. Note that [ij x , . . . , ij t ) need not be a reduced expression of v. 

A subexpression j = (ji, . . . , j t ) of i is called distinguished if 

(si Sl ■ ■ ■ s in )s lk > s iH . . . s ij{ for all ji < k < 

where 1 < I < t. There is a unique subexpression for v with the stronger property 
that 

(si 31 . . . Si n )s lk > s i}l . . . s ljt for all ji < k < 

where 1 < I < t. We may set jt+i = m + 1 everywhere above. We call this 
subexpression the positive subexpression for v. It is the unique distinguished subex- 
pression that gives a reduced expression for v. 

Deodhar's construction associates to any reduced expression of w a stratification 
of lZ v ,w which has a stratum for every distinguished subexpression for v. And the 
positive subexpression for v corresponds to the unique open stratum. 

For a reduced expression i and subexpression j let 

■Mj) = {1, ■ ■ ■ ,m} \ {ji, . . . ,j t }, 

J + (j) = j/ Z = j r some r = 1, ...,t, and .. .a ijr > s iH .. .s ijr _ r j , 
J_(j) = |z Z = j r some r = 1, ...,t, and .. .s ijr < a ijx .. -s ijri | , 
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where we suppress the i in the notation since it is usually clear from context. If j 
is distinguished, define a subset IZ^s of the flag variety G/B- by 



(x it (ti), ti eC*, if Ze J (j) 
m = \s H , if/eJ+(j) 
[viiim)^ 1 , m,eC, Hie J_(j) t 

Here the parameters ti G C* and mi <E C can also be used as coordinates on 
7^j,i giving an isomorphism IZ^i —> (C*)l Jo ^ x C\ J -U)\. We will refer to these 
coordinates as the standard coordinates on IZj i- If j+ is the positive subexpression 
for v in i then K i+S (C*)^)-^) . 

By [311 Proposition 5.2] the TZ^i agree precisely with Deodhar's strata in 1Z VyW . 
So fixing i we have 

P*v,w — | 

j 

where the union is over all distinguished subexpressions j of i. Note only that our 
conventions differ from [31] in that B + and are interchanged. 

7. A HOLOMORPHIC Tlp-FORM ON H^ p Wo 

To define the oscillatory integrals and state the mirror conjecture for G/P we 
require holomorphic rip-forms on the fibers of the proposed mirror family. Therefore 
we want to define a holomorphic np-form on an intersection of opposed Bruhat 
cells TV^p,w - This holomorphic differential form will be defined by writing it down 
explicitly on a large enough open subset of 1Z^ p w . Q 

Let i be a reduced expression of wq and j = j+(i) the corresponding positive 
subexpression for top. Consider the open Deodhar stratum 



fji 



x u (ti) fort, eC* if I e J (j+(i)) 
Si, otherwise. 



in TZ^ w . Let U be the union of these open sets. So 



u = [}n 



V 



where i ranges over all the reduced expressions of wq. 

Lemma 7.1 (essentially Lemma 3.6 in [40]). U is an open dense subset of 7cYj p Wq 
with complement of codimension greater than or equal to 2. 

Proof. Since TH£ w is irreducible it is clear that U is open dense. We have an 
isomorphism 

U y _C\Blw P w Q Bl^Kl p , WQ : u^uw B y _, 

whereby the double Bruhat cell BY. n B+wpWoB^ in the group can be identified 
with Kl p Wo x T v . Now Lemma 3.6 in 40 , which is about BY n BYLwpWoB^, 
implies the lemma. □ 



^M. Brion pointed out to us that by \7\ Theorem 4.2.1(i) the canonical bundle of the closure of 
any TZ VlW , the so-called Richardson variety X ViW := Tt VlW> is Ox v w (dX v>w ), and he conjectured 
that our form might come from there by restriction, [6]. If so, this would give a more intrinsic 
definition of our form, at least up to scalar. 
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Proposition 7.2. Fix a reduced expression io of wq. There is a unique holomorphic 
np-form oj on TZ^ p Wg such that the restriction of lo to T^ + ^ ; is given by 

w Itj v = £ i A — > 
/ \ t ' 

m terms of the standard coordinates U on TcY ; , where e\ G {±1} arad ei = 1- 
.ffere we wse tte obvious order on Jo(j+(i)) for defining the wedge product. 

Proof. By Lemma [7.1l and Hartog's theorem if lj is well defined on U then it extends 
holomorphically to all of 1Z^ P w . 

Let i and i' be reduced expressions of wq such that i is obtained from i' by a single 
braid relation. It suffices to show that the rational transformation (ti,.. . , t np ) i— > 
(t\ , . . . . t' ) from the standard coordinates on 1ZY ■ to those of 1ZY ,,,, ., gives 

dt± dt n „ , dt\ dt' D 

— - A • • • A — ^ = ±— i A • • • A — ^. 

+ i +1 fl 

The remainder of the proof consists of checking the possible coordinate transfor- 
mations that can occur. 

Simply laced case : 

(1) If Si-Sj = sjSi then 

Xi(a)xj(b) = Xj(b)xi(a) 

giving the simplest change of coordinates Co (a, b) = (b, a). 

(2) If Si-SjSi = SjSi-Sj then it is easy to check that 

Xi{a)xAb)xi{c) — Xj ( ] Xi(a + cjXj ( 

\a + c) \a + c 

and 

Xi(a)xj{b)si = Xj{b)s i Xj(ab)y l (-a). 
We may record these two changes of coordinates as 

sy / , \ f be ab 

Ci(a,6,c) = — — ,a + c, — — 
\a + c a + Cj 

C 2 {a,b) = (b,ab) 

Note also that 

X% (O 1 ) & j S'l — Sj Sj^Xj ■ 

Type B 2 braid relations : 

Q.i is the long root, then the following relation holds 

(see [5j Section 3.1]). 

Xj(a)xi(b)xj(c)xi(d) = Xi(d)xj(c)xi(b)xj(a) 

, abc , y 2 , x bc 2 d 

where a = b = — c = — a = 

y x y x 

and x = a 2 b + d(a + c) 2 y = ab + d(a + c). 
Let us denote this change of coordinates by 

C 3 (a,b,c,d) = (d',c',b',a'). 
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Its inverse is (Cs)~ 1 (d, c, b, a) = (a' , b' , c' , d') , where a',b',c',d' are given by the 
same formulas as above. 

Furthermore it is easy to check the pairs of (inverse) identities 

Xi(a)Xj(b)xi(c)sj = Xj ( — — ) Xi(a + c)sjXi \ ^-—\ yj ( — 

J \a + cJ \a + cj \a + c 

XjiajXi^SjXiic) = x z ( bc ) Xj f C + " 6 ) x, ( a b ) Sj-yi f ° 



c + a 2 b) V / \c + a 2 bj Va6 



and 

Xj(a)xi(b)sjSi — Xi{b)sjSiXj(ab)u, 



Xii^SjSiXjfi) = ^-^ Xi(a)sjSiu', 



for some u and u' in £/_, and 

, , ... ... / c 2 6 \ / a6c \ f-a 2 b-2abc 

x J {a)x l {b)x J (c)s l = x, (^ (fl + c)2 J Si(0 + c)s^- I — — J y 4 ^ ^ + ^ 2 

/ bc \ f (c + ab) 2 \ ( ab 2 \ . f2a&c- 



+ ab J \ ab 2 J \c + abj \ ab 2 
and 

Xi(a)Xj(b)siSj = x J (b)s l s : jXi(ab 2 )y, 
Xj(a)siSjXi(b) = Xi \J^J Xj(a)SiSjy' 
for some y and ?/ in E/_. Finally 

XiydjSjSiSj — Sj SiSjXi (ft) , 
X j (jx} S%S j S ^ — S%S j S%X j (ft) • 

We record the remaining four nontrivial changes of coordinates 

_ . T . /6c <xo 2 c 
64(0,0, c) = ,a + c, 



a + c a + c 

65 (a, 6) = (b,ab), 

. ( c 2 b abc 

6 6 (a,6,c) = ? — ■ — 77,a + c, — — 

C 7 (a,6) = (o,a6 2 ). 

Type G2 braid relations : 

(1) If SiSjSiSjSiSj — SjSiSjSiSjSi and «j is the long root, then we have (see [5J 
Section 3.1]) 

^ (a)xj (b)xi (c)xj (d)xi (e)xj (/) = x 3 (f')xi (e')xj (d')xj (c')xj (b')xi (a') 
for 

, abc 2 de 



1/ 



7T1 



7r 3 7r 4 





, 7T 4 




C = 


7T 4 


7T17T2 


7T3 


, bc 3 d 2 e 3 f 


7T 2 


7T3 
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Where 

7Ti = abc 2 d + ab(c + e) 2 f + (a + c)de 2 f 

7T 2 = a 2 b 2 c 3 d + a 2 b 2 (c + eff + (a + c) 2 d 2 e 3 f + abde 2 f(3ac + 2c 2 + 2ce + 2ae) 
7T 3 = a 3 b 2 c 3 d + a 3 b 2 (c + e) 3 f + (a + c) 3 d 2 e 3 f + a 2 bde 2 f(3ac + 3c 2 + 3ce + 2ae) 
7T 4 = a 2 b 2 c 3 d(abc 3 d + 2ab(c + e) 3 / + (3ac + 3c 2 + 3ce + 2ae)de 2 f)+ 
f 2 (ab(c + e) 2 + {a + c)de 2 ) 3 . 

This gives rise to the eighth relevant change of coordinates 
C 8 (a,b,c,d,e,f) = (f,e',d',c',b',a'). 
(2) Next we have the relation 

Xi(a)xj(b)xi(c)xj(d)siXj(e) = 

fbc 3 d 2 e\ ( x\ fy 3 \ ( z \ ( a 3 b 3 c 6 d 3 " 



"3 



V x 



'\ fA fv 3 \ ( * \ fa 3 b 3 c 6 d 3 \ 
-) Xi [y ) Xj U ) Xl yabJdv) Xj ) 



s,u. 



where u G U- and 

x = 3acde(cd + ab + ad) + c 3 d 2 e + a 3 (2bde + d 2 e + b 2 (c 3 d + e)), 
y = cde(cd + ab + ad) + acd(b + d)e + a 2 (2bde + d 2 + b 2 (c 3 d + ej), 
z = e(cd + ab + ad)(y + a 2 b 2 c 3 d) + a 2 b 2 c i d 2 (e + abc 2 ), 
v = a 2 b 2 c 3 d + e(cd + ab + ad) 2 . 
So we may take 

bc 3 d 2 e x y 3 z a 3 b 3 c 6 d 3s 



C 9 (a, b, c, d, e) : 
Similarly, 

Xj (a)xi (b)xj (c)xi (d)sjXi (e) 



x ' y' xz' abc 2 dv ' 



bcd 2 e\ ( x' 3 \ ( y' \ ( z' 3 \ fab 3 c 2 d 3 " 

Xi — Xi — — I, , o ,o , Xi ; I SiU 



x , J-o y y , J**\aJ z >J*> y a b^c 3 d 3 y' J l \ z> ) 3 
where u G J7_ and 
x' = cd 2 e + a(2bde + d 2 e + b 2 (cd + e)), 

y' = c 2 d 6 e 3 + a 2 (2bde + d 2 e + b 2 (cd + e)) 3 + acd 3 (b + d)e 2 {Abde + 2d 2 e + b 2 (3cd + 2e)), 
z' = cd 3 e 2 + a(3bd 2 e 2 + d 3 e 2 + b 3 (cd + e) 2 + b 2 de(2cd + 3e)). 
This gives 

'bcd 2 e x' 3 y' z' 3 ab 3 c 2 d 3 \ 



C 10 (a,b, c, d,e) = 



x' ' y' ' x'z 1 ' ab 3 c 3 d 3 y'' z' 



(3) Next we have 

Xj{a)xi(b)xj(c)xi{d)sjki = 

( bc 3 d 2 \ ( az 2 + cdz 2 \ ( z 3 \ . . ( abc 2 d \ 
Xl {az 2 + cdzJ Xl { z 2 ) Xl {az 2 + cdz 2 ) SjSlX3 { z x ) U 
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where z\ = cd + a(b + d), z 2 = a 2 b + (a + c) 2 d and u G U-, and also 
Xj{a)Xi{b)xj{c)siSjXi{d) = 

(bc 3 d\ fzA . . ( 4 \ f a 2 b 2 c 4 
Xi \ z 4 ) Xj [zsj 8183X1 \aWt*zJ Xj { z 3 

where 

z 3 = a 2 b 2 c 3 + (a + cfd , z A = a 3 b 2 c 3 + (a + cfd, 

and u' E U~. So we set 

be 3 d 2 az? + cdz 2 z 3 abc 2 d 

Cn(a,b,c,d) = 
C 12 (a,b,c,d) = 



azf + cdz 2 ' z\ ' az\ + cdz 2 ' Z\ ) ' 
bc 3 d z A zj a 2 b 2 c 4 " 
z 4 ' zs ' a 3 b 3 c 6 Z4 ' z 3 



(4) Moreover 



x j (a)x l (b)x j (c)s l s J s i = x l (^J~^~^j x o ( a + c ) SiSjSiXj u 
and similarly 

r WAV • ■ (\- f^^-\ f a 3 b 2 + c \ ( a 3 b 3 \ . . . , 
^jW^tWSjStSja;,^; — x 4 i ^ 2 \ xj i ^ 2 I x * I a 3^2 + c J s j s t s j u 

for some w, u' £ ?7 _ . So 

Ci3(a,6,c) =( I ^ F) a + c,^), 

r 1 ( „ ~k r\ — ( be a 3 b 2 +c a 3 b 3 \ 

Ui4(a,o,c) - y a .i b ^ +c , a i b i , a i b i +c J ■ 

(5) Finally, 

Xi (a) Xj (b) SiSjSiSj — Xj(b)siSjSiSjXi(ab 3 )u 

and 

Xj(a)xi(b)sjSiSjSi — Xi (6) SjSiSjSiXj(ab)u' 
up to u, v! e U^_. Also we have 

j ^ j ^ z *^ ' j ^ ^ ) ' — " *^ J ^ ^ ^ ^ ' 1*^ j ^ j 

So the last new coordinate transformation is 
C 15 (a,b) =(b,ab 3 ). 

Here the transformations in (2-5) immediately above were computed with the help 
of Mathematica, realizing G 2 inside a group of type B 3 and using all of the relations 
from types A 2 and B 2 . 
Now let 

L:t = (t 1 ,...,t m )^(L 1 (t),...,L m (t)) 
be one of the changes of coordinates Cj with j = 0, . . . , 15. The form given by 
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is invariant up to sign under these changes of coordinates if for each of the L = C 

Jac{L) _ 1 



L 1 ■ . . . ■ L m t\ ■ . . . ■ t m 

where Jac(L) — det I ) is the Jacobian. This is the case as can easily 

V f % 2 fz — 1 .... ? Tfh 

be checked e.g. using Mathematica. The sign is minus precisely in the cases 

Oj 1>2i C3, <^5, Wi ^11) <^12, ^15; 

where there is an even number of coordinates involved in the coordinate transfor- 
mation. □ 

Remark 7.3. Notice that all of the coordinate transformations Cq, . . . ,Cis are 
subtraction-free rational functions. The well-defined subset in the real points of 
an intersection of Bruhat cells 1Z V<W , consisting of those points in an (any) open 
Deodhar stratum 7^j + (i),i all of whose canonical coordinates take values in M>o, 
coincides with the totally positive part of 1Z V>W defined by Lusztig [29], see [3T1 
Theorem 11.3]. 

8. The mirror conjecture for G/P 

Let Z% -» (f) v ) Wp be the pullback of the family pr x : Z P -> (T y ) Wp under the 
exponential map exp : (f) v ) Wp -> (T y ) Wp . So, explicitly, 



7 i) v _ 
J p 



= {(h v ,b) € {^) Wp xBl\be UXexp(h v )wpw^UX }. 



For h v in f) v wc write Zp for the fiber over h v in Z P . We may identify this fiber 
with 

B y _ n [/^cxp(/i v )w P w c 7 1 [/^. 
Note that as in Section [4~Tl 

4 V ^ (f) v r p x^ P>W0 , 

(/i v ,fe) i ► {h v ,bw Bl). 

The phase function Tp pulled back to Z p will be again denoted by J- p. 

Now let io be a reduced expression of wq and w the np-form on Tt^ p t0n defined 

p 



in Proposition [721 Let us pull this np-form back to Z p by the map 



7 1 ) , i?v 

{h v ,b) i ► bw Q B y _/B y _, 

and denote the resulting form again by w. Note that oj depends on the reduced 

expression io only for its sign. We write u>h v for the restriction of uj to the fiber 

7 h v 

Conjecture 8.1. The integrals (11. ip defined in terms of the mirror datum [Z p , ui, J-p) 
give solutions to the quantum differential equations 16, 9 of G/P. 

We now want to state a T-equivariant version of the above conjecture. For this 
we need to integrate over functions defined on the covering Zp of Zp. We therefore 
pull back also this covering family pr x : Z P ->■ (T v ) Wp to (i) v ) Wp , to get 

Z P V = {(h v ,b,h R ) | (exp(/i v ),6,/ip) 6 Z P }. 
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The pullbacks of </> and Tp to Z p will again be denoted by (f> and Tp, respectively. 

~h v h v 

Moreover the map Z p — > Z p which forgets hp is again a covering, and the np- 

h v ~h v 

form u> on Z p pulls back to an np-form on Z p which we denote by Co. The 
restriction of Co to a fiber Zp of the family pr\ : Z p — > (t) v ) Wp is denoted by w/,v . 

Conjecture 8.2. ^4 full set of solutions to the T-equivariant quantum differential 
equations |16[ [9] ofG/P is given by integrals 

(8.1) 5 f (/i v ,/i) = / e^/ h 4>( ,h) Q h v, 

where T — (J?h v )h v eh v * s a continuous family of suitable integration contours I\v 
in Zp such that Sp converges. 

We note here that the equivariant quantum cohomology ring of G/P is semisim- 
ple. (This follows from the fact that equivariant cohomology is semisimple.) Cor- 
respondingly in a generic fiber determined by an /i v G (t) v ) p and for generic 
h G f), the function Tp + ln<fi( , h) has the correct number, dim H* (G/P), of non- 
degenerate critical points counted in Zp . This suggests that one could be able to 
construct the right number of suitable integration contours using Morse theory, as 
asserted in the SL n+ i/B case by Givental, and Joe and Kim, which would hope- 
fully give a basis of solutions. The same need not be true for general G/P in the 
non-equivariant setting, that is for h = above. However, the non-equivariant 
quantum cohomology ring is also known to be always semisimple for the full flag 
variety G/B [27], and for Grassmannians, see [T5l I37j. 



9. The mirror constructions for SL n+1 /B of Givental, Joe and Kim 

Givental constructed a mirror family for SL n+ \/B in [17] . In this section we 
recall Givental's construction and identify his mirror family with a restriction of 
ours to an open subset. We will show in that case that the oscillatory integrals 
l]l.ip arising from our mirror construction agree with those of Givental, proving 
Conjecture 18. II in that case. In the T-equivariant setting an analogue of Givental's 
mirror theorem was given by Joe and Kim [20j . We go on to review their construc- 
tion and compare it with ours for the equivariant case, showing that the integrals 
constructed by Joe and Kim can indeed be written in the form (|8.1[) . This supports 
our Conjecture 18.21 

We note also that Batyrev, Ciocan-Fontanine, Kim and van Straten [3] proposed 
a mirror family for SL n+ i/P in the style of Givental's. For the direct relationship 
between their construction and the type A Peterson variety see [35] . 

9.1. Let G — SL n+ i, so G v = PSL n+ i. We use the standard choice of Chevalley 
generators = — -E^j+i and fa = /V = Ei+i t i, where Ej t k is the matrix with 
1 in position (J, k) and zeros elsewhere. Correspondingly we have the simple root 
subgroups Xi(t) = l„+i + tEi y i + i which we may consider to be lying in SL n+ i or 
PSL n+ i 7 depending on the context. We now recall the type A mirror construction 
from J7]. 
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9.1.1. Consider the quiver (V, A) which looks as follows 




T T 
< — • • • • • < — • 

We divide the set of vertices V up into the vertices along the diagonal, V = 



{vn, . . . , u n -|_i in -i_i}, and the vertices below the diagonal, V_ = {? 



1 < 3 < i < 



n + 1}. The labeling is as for the entries of a matrix. Let A = A C \J Ad be the set of 
arrows, divided into vertical and horizontal arrows, respectively. For any arrow a 
denote by h a and t a G V the head and tail of a. In fact let us label the arrow a by 
c-ij if a is a vertical arrow and h a = Vij , and by dij if a is horizontal with t a = Vij . 
Let 

Z := {cr = (cr a ) a( zA G (C*) A | (7 d(j c = Oc'Vd' for all configurations (|9.1[) } , 
where 



(9.1) 



is a square in the quiver. 

For simplicity of notation we identify the arrows with coordinate functions on Z. 
In other words we may think of A C C[Z] as invertible generators for the coordinate 
ring of Z. Define 

qi = cadi+i,i+i gC[Z], 
for i — 1 , . . . , n. Then we have a family of varieties 



(9.2) 



q = (qi 



. q„ 



(C*) r 



Let the fiber over Q G (C*)" be denoted by Zq. This map is a trivial fibration 
with fiber isomorphic to (C*)( 2 ). Explicitly, consider the isomorphism 

(9.3) (C*) v - x (C*) n Z 

given by {{z v ) veV _ x (z Vu )? =1 ) ^ a := (z ha z^) a eA, where we set z Vn+ln+1 = 1. 
In particular we have vertex coordinates given by t v {a) = z v . We will denote t Vij 
also by tij for convenience. Note that ij^tZ j i+1 = qi. 

9.1.2. The phase function on this family is defined to be 

(9.4) ^(<r) = £> . 



A MIRROR SYMMETRIC CONSTRUCTION OF qH^,(G/P) {q) 



25 



One has the following simple description of the critical points of f along the fibers 
of q, 



(9.5) 



2' 



a 6 Z 



^2 a a = ^ cr a , for all v eV- 



a^A., h a —v 



a£A, t a =v 



9.1.3. We will now recall the construction of the quantum Toda lattice in type A 
and state Givental's mirror theorem. Consider the map 

e : C™ +1 -> (C*)" 

(Ti)f^ - (eMTi-T i+1 ))? =1 . 

Let i -> C" +1 be the pullback of the bundle q : Z -> (C*)" by e. We denote e*(q) 
and £*(.F) again by q and JF, respectively. 

Solving the fl[„ +1 quantum Toda lattice means finding smooth functions S = 
5(Ti, . . . , T n+ i) satisfying 



(9.6) det 



-l 



.ri 



n+l 



V 



gTi — T 2 
' L dT 2 



V 



e T„-T„ +1 

1 ^arfri / 



S = x 



n+l t 



where fi £ K>o- Note that the coefficients of the polynomial in x on the left hand 
side are well-defined differential operators. By [17l [24] the quantum differential 
equations for SL n+ i/B make up the quantum Toda lattice for sl n +i, whose solu- 
tions are obtained by restricting the solutions S of (|9.6[) to the subspace of C' i+1 
defined by Y.l=i Ti = 0. 

Theorem 9.1 (Givental [17j). Let T = (Yt* )t, ec n + 1 be a continuous family of 
possibly non- compact -cycles 

obtained from descending Morse cycles for Re{T). The integrals 
Sv{T\, . . . , T n+ i) -- 



sofoe £/ie system of differential equations (|9.6|) . 

9.2. Let us now consider G v = PST„ + i(C). We have ub — "^" 2 +1 ^ and let i = 
(ix, . . . , i nB ) be the reduced expression of wg obtained by successively concatenating 
the sequences Ik = (n, . . . , k) for k = 1, . . . , n. To a £ Z we associate two unipotent 
upper-triangular matrices, 



(9.7) 
(9.8) 



zc(o-) = n n ^(^.j 

k— 1 yi— n 

1 / fc 

»d(0") = I| Y[ X n-j+l(o-d k+ltj+1 ) 

k=n \j=l 
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We also associate to a an element r(er) of the maximal torus T v of PSL n +i, which 
is given by 



tn(a) 



*22(0-) 



tnn{<j) 



1 



1 



The definition of a matrix a: c (<r) associated to a point in Givental's 2 can already 
be found in [14] and [36] . Its combination with ccd(c) and t(<t) required for the full 
Lie theoretic interpretation of Z, see the theorem below, appears here for the first 
time. 



Theorem 9.2. Let Zb and Tb be as defined in Section \4-l\ 

(1) The map 

cr i * a; c (o-)r((T)w 1 a; d (-cr)~ 1 
/las image in BY. and, taken together with r , defines an open embedding 

(t,P):Z^Z b . 

(2) We have {t,(3)*{Tb) = T. In particular the map a i— * x c (a)BY/BY iden- 
tifies Z cr%t with the intersection of Yb and the open Deodhar stratum in 
IZi Wq corresponding to \q. 

(3) For Q G (C*) n let 7q : 2q — > T^i Wo ^ e embedding of a fiber given by 
7q(ct) = x c (o~)BY_/ 'BY.- Suppose lo is a holomorphic ns-form on w as 
in Proposition \7.S\ Then 

7qM = £ A '"" 



(9.9) 



where e G {±1} arcrf is independent of Q. Here the t v are the vertex coor- 
dinates defined in \9.1.1\ 

Note that Theorem 19.21 together with Givental's Theorem 19.11 implies the Con- 
jecture [H7T] for SL n+ i/B. 

Lemma 9.3. Let t = (tv)v&? *= (C*) v , where we may write iij for t Vi . for short. 
Let b(t) G GL n +\ be defined by 

(in _ \ 

t-22 



b(t) := x c ((t h J7 l ) aeA ) 



V 



"0 x d((-thJt a )aeA)~ 



^n+l,n+l / 

Then for the fundamental representation V(u)k) we have 

/ri+l 



w •<,<>= in*** ) I n *vi- 
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Proof. Let {vi, . . . , v n +i} be the standard basis of C n+1 , and choose the standard 
highest weight vector u+ := v\ A . . . Au/. in V(uJk) = Then we have the 



lowest weight vector 



,J u> h — w o 



w 1 • (vi A . . . A v k ) = v n -k+2 A ... A u 



n+lj 



and 
(9.10) 

6(t) 



An 



,+ - 



ii2 



\ 



■ Vn-k+2 A ... A V n+1 



tn+l,n+l / 



n+1 



II t H ) Xc ((*'»o*t a 1 )oe>l) ' (^n-fe+2 A ... A %+i). 

i j=n-fe+2 



Now note that, written out, 

X c {{a a )aeA) = x n{o'c n>1 )Xn-l{o'c n - 1>1 ) X k +l{(J Ck + 11 )Xk{o- CkA ) X 2 (<7 C21 )x\ (c Cll ) 

£n (o- C „, 2 ) Xk+2 (^ Cfc+2i2 )x fe+ i (cr Cfc+li2 )x fc (cr Cfe2 ) x 2 (cr C22 ) 





7l - k )x n —l(o~ Cn _ ln _ 


- fc ) a; n-2(0'c„_ 2 , Il _ fc ) ^n-fc(CT c „_ fc) „ 


-J 




n -k + l) X n-l (°'c„_i 


n-fe+l) ^n-fc+1 ( cr c„_ fc+ i,„_ fc+ i) 




Xn {&c n 


n-fc + 2) x n-l (°c n _i 


„_ fc+2 ) ' ' ' a; n-fc+2(o'c„_ fc+ 2,„-A : +2) 




Xn (&c n 


n— l )*^n— 1 v^c n _i in _ 


l) 





Each a;j(a) = exp(aej) simply acts by 1+aej on /\ k C™ +1 , and it is not hard to check 
that in order to get from the lowest to the highest weight space via x c ({a a )aeA) we 
need to take the ej-summand precisely from each of the underlined Xj(o~ Ca ) factors. 
Since in our case a a = th a i^ \ we have 

for the resulting contribution of the j-th row above, and so we find that in total 

n— fc+1 / n— fc+1 



3 = 1 



n % 

3=1 



n ^ 



Combining this with (|9 . 1 0|) we see that 



b • v v 



'n+l 

Wn) i n 



and the lemma is proved. 



□ 
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Proof of Theorem \9.SX We assume for the moment that we have proved that (3 has 
image in £?X , and observe how the rest of the theorem follows from this assertion. 
If (3 has image in £?Y_, then (t, (3) defines a map Z — > Zb- From this point of 
view the Cjj correspond precisely the standard coordinates for x c (o~)B^_/ B^_ = 



f3(a)woB'^/ in the open Deodhar stratum TV[ 
the a 



'Y ' ■ \ * . Moreover the values of 
together with those of the qi suffice to determine a point in 2, uniquely. 
Therefore we see that (r, (3) is injective, and its image is equal to the preimage of 
T v x TZX ( io) io under the trivialization P~B")) of Z B . This proves (1). Part (2) then 
follows from (1) and Lemma [5.21 combined with Theorem 14.11 See also 36 . The 
third part of the theorem is an easy consequence of the definition of x c . 

It remains to prove that (3 has image in B^_. We may work in GL n+ i, rather 
than PSL n+ \, choosing the representative for t(ct) as the one from its definition. 
Multiplying out the product x c we obtain a matrix 



/ 1 



1 



G? 

G (2) 



G 



(n) 



1 



(") 



with entries given by 



G 



k ~ E ( 1 1 c j-k+i, mi 

l<mi <■ ■ ■ <mfc <j 



Similarly let x(a) :— £d(— °~) 1 ■ Then 

/ 1 G (2 



1 g\ ] 



/=<(«) 
W-i 



G\ 



(>') 



where 



G 



E 



IP 



1 / 



n— j+2<mi <. . .<mfc <n+l \i— 1 / 

The (J, r + 1) entry of the matrix /3(a) — x c (o-)t(o~)wq 1 Xd(— cr) _1 is 

/ 



(9.11) /W := (0,...,0,1,G[ 3, ,G| : 



0') ,a0'+i) 





±9n-r+l ■ ' ' 9nl 



9n-l<7n t - T , — 2 
— <Zn tj r— 1 

V gP ) 
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evaluated at a. We want to show that this expression is zero when j < r. 
In the rank 1 case we have for j = r = 1 



(i) 



= -gi + cnd 2 2 = 0. 



We will prove the general case by induction. 

Consider the two embeddings of GL n into GL n+ i corresponding to the subsets 
II = {1, • • • , n — 1} and Ir = {2, . . . , n} of /. The first gives the subgraph (Vl, Al) 
of (V,*4) obtained by erasing the last row of vertices. And the second gives the 
subgraph (Vr,Ar) where the first column has been removed. 

We add superscripts L and R to any of the matrices x, x c , r, /3 if we are referring 
to their analogues defined in terms of the graphs (Vl, Al) or (Vr, Ar), respectively. 



We denote by Gi r ' and &£' the matrix coefficients of x L and x R , each viewed 
inside its respective copy of GL n . Similarly for x^ and x R and their entries. 
It is easy to check that 



M r ) _ ri('--M) 



+ l.ri-r+2<J fc _ 1 



So we have 
(9.12) 

/ 







±q n - 



r+l • • • 9nl 
+ Qn-r+2 ■ ■ ■ Qn^i 



Qn-lQn'^r—2 



V 



Qn^, — 1 
G 



(r) 



/ 







T<7n-r+2 • ■ • qn^i 



- ~(r- 1,Z) 
9n-l<Zn ( ~ r , — 2 

= ^(r-l,i) 



V 







+rfn+l,n-r+2 



/ 





T5n-r+2 ■ ■ • 9nl 



- A(r-l,fl) 
9n-l9n ( - r r _3 

In^r—i 

v ) 



We now want to evaluate (|9.11|) using (|9.12|) . The first summand gives a contribu- 
tion of 

/ o \ 



0, . . . , 0, 1, Gp 1 , G^ , 



,G 



(n) 





±<Zn-r+l ■ • • 9t»1 



= F<7n-r+2 ■ ■ ■ fcGj 



(,-l.L) 



'QnG r 



-2 

-MO 



V 



/ 



to (|9.1ip . This equals — (3j r and is therefore zero if j < r by the induction hypoth- 



esis, where we are reducing to the graph with the last row removed. Note that in 
this induction step we are also removing the last row of r, which we had normalized 
to 1 in the rank n case. This accounts for the apparent factor of q n in the above 
formula for —(3f r - 
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For the second summand notice that we can decompose the entries of the row 
vector in (|9. 1 1|) using 

Then we get d n +i jr i_ r +2(cj,i/3j\, + (3 R r+1 ), which is also zero whenever j < r, by 
the induction hypothesis this time applied to the graph with the left most column 
removed. 

Thus we have seen that (|9.11[) vanishes whenever j < r. If j = r we are left with 
two nonzero summands, giving 

(9.13) A-.r+l = — Pr,r + ^n+l,n-r+2C r ,i/3j? r . 

It remains to show that this matrix coefficient vanishes. 

By induction assumption (3 L and (3 are upper-triangular, so we have 

(9-14) (p x ■ v+ r , v+ r ) = /?* /3* ■ ■ ■ P* r , 

for X = L or R. Now let a 6 Z and consider the vertex coordinates t v = t v (a). 
Then the corresponding 'truncated' elements are ul — (th a i^ )aeA L an d °R — 
(phatt )aeAR, an d Lemma 19731 says that 



{a L {a L )-vt h , «+>= n* 



\i=l 
/ri+1 



(^W'< .<>= II* 




\i=2 

Combining these formulas with (|9.14[) we find that 

(n— r+1 \ in 

n • ! ,•) i n*i+f,j i ' 

(n-r+2 \ / n-r+1 

II :,j I II tji-j 

NOW Substituting also C r ,i(<r) = *r,l*r+l,l and dn+l,n-r+2(<r) = tn+l, n -r+l*n+l,n-r+2 

it follows directly that 

<^n+l,n — r+2^r,l/3 rr — ftr.r' 

This shows that /3 r ,r+i = 0, by (|9 . 1 3|) . and finishes the proof. □ 

9.3. The T-equivariant case. In Joe and Kim's work [20], mirror symmetric 
solutions to the T-equivariant quantum differential equations of SL n+ \/ B are given 
as integrals over a function defined on a universal cover of Z. We briefly review 
this construction here and compare it with our definitions applied to the equivariant 
SL n+ i/B case. 

The T-equivariant quantum differential equations are deformations of the usual 
quantum differential equations by the ring 



H^{pt) = C[f)] = C[Ai, . . . , A„ +1 ]/(^ Xi 
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Namely in the T-equivariant case the differential equations to solve are obtained 
by replacing (19. 6p by 
(9.15) 



dct 



+i 



V 



dTx 
1 



e T,-T 2 
n dT 2 



\ 



*T 2 -T a 



V 



c 

-l h 



T n -T n 



0T„ +1 / 



ra+1 

S= Y[(x + \i)S. 
i=i 



To generalize Givental's mirror theorem to solve (|9.15p Joe and Kim deform the 
phase function T of Givental, or more precisely they first pull it back to a universal 
cover of Z and then deform it there. 

Definition 9.4. Recall the notations from Section 19.1.11 We let 

Z := {(T v ) vev e C v | £)T„„=0}. 

For given (T x , . . . , T n+1 ) e C" +1 with Ei T i = we define 

Z(T u ...,T n +i) '■= {( T v)vev I T Vii = Ti, for % = l,...,n+ 1}. 

The map c : Z —> Z given by 

c:(T v ) veV i * (e Tf -- Tt »)ae^ 

makes Z into a universal covering space for 2. We may think of the T v as loga- 
rithmic vertex variables, although the exp(T^) recover the vertex variables t v from 
Section ^ . 1 . ll onlv up to a common scalar multiple, as we are working with a different 
normalization now : We have Y] T Vii — rather than T Vn+1 n+1 = 0. 

To deform Givental's phase function Joe and Kim attach 'weights' depending on 
the parameters Aj to the edges of the graph (V, A) as follows, 



and set 
(9.16) 



A Cil 
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+ ^(Ai4 


-... + Xi-i), 




X Cij ■= 
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if i > i, 




Xdn+1,3 : = 




K+i-j - 


5(Ai + ...+ 


An— j), 


Arfy '■ = 




-Xi-j+i, 


if i < n 


+ 1, 




i)- 









■■Tl + 1 



Theorem 9.5 (Joe and Kim [10]). Let T, rim through the (T 1: . . . ,T„ +1 ) 6 

Tj = 0, and let T — (Tt„)t, be a continuous family of possibly non-compact 
("J 1 ) -cycles, 

r T » c -Z(Ti,...,t„ + i)> 

obtained as descending Morse cycles for Re{TjK)- The integrals 



Sr(Ti 



,T„+i;Ai,...,A„+i) = / e*^ JK /\ eff„ 



:S2 
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solve the T-equivariant quantum differential equations associated to SL n +i/ B . 

We want to now give an explicit lift of the comparison map (t, 0) : Z — ► Zb and 
extend our Theorem 19.21 about comparing phase functions to the equivariant case. 



Definition 9.6. Let 7^ : Z — > f) v be defined by 

(7R((T v )vev)) = ~ Tv v 
i—j=k 

Written out explicitly, Jr((T v ) v ^v) is 

/ — E 2«y 

( E n i3 )-( E r„j 

i-i=l i-j = 2 



V 

We also define 

and a map 7 : Z — » f) v , 



:=/3oc: Z -> B y _, 
<T Vll 



\ 



Theorem 9.7. (1) TTie maps 7,/? and 7^ define a map 



( 7 ,/3,7 fl ):Z-»Z| , 

which is a covering composed with an open embedding. Moreover (7, /3,7r) 
tafces £/ie /i&er -Z(Ti TW +1 ) ^° ^ e /z&er , where h is the diagonal matrix 
with entries (T±, . . . , T n+ i). 

(2) We have 

( 7 ,0, lR )*(u>) = ± f\ dT v 

v£V- 

for the pullback of our form Co from Section^ to Z. 

(3) The integrand e^ 11 ^ of Joe and Kim is obtained by pullback from our inte- 
grand, 

= ( 7 ,/3,7fl^r(e^), 
where h(X\, . . . , X n +i) is the diagonal matrix with entries X±, . . . , A„ + i. 

Proof. (1) For (T„)„ 6 y eZwe have that ((T v ) ve y) is given explicitly by 
(9.17) 

r T 

e "11 



(0 



>Th a -Tt„ 



)aeA) 



T 



"0 ((" 



^T ha -T t 
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= e Th " *» in the formula from Theorem 19.21 Also 
note that the entries of the diagonal matrix r(cr) are tu(a) — e T "" /e T " n + 1 > n + 1 and, 
as we are working in PSL n+ \ 1 we can clear the denominators. From Theorem 19.21 
together with (|9.17|) it is now immediate that (7, /3)((T l) ) 1 , e v) G 

To show that (7, 0, 7fl)((T„)„ e y) lies in the covering space Zg it remains to prove 
that the diagonal part of ((T v ) v£ v) is equal to exp(^]i((T v ) ve v)). For this let us 
consider the lower-triangular matrix b in SL n+ \ which covers ((T„)„ e v) an d is 
given by 



(9.18) 

x c ((e Th °- Tt «) aeA ) 



e 



Then by Lemma 19.31 we have 

(9.19) (b-v+v+)=e-^-^ T ^, 



using also that 5ZT„ 44 = 0. This implies the rest of (1), comparing also with 
Definition [ 



Part (2) of the theorem is a consequence of Theorem 19.21 (3), using that dT v is 
the pullback to Z of dt v /t v . 

It now remains to show (3), namely that 

( e - F ^)o(7, / 3, 7fl ;/ l ) 

By Theorem 19.21 we already know that e^ 3 o (7, 0,^r) — e Toc . Therefore we only 
need to compare the effect of Joe and Kim's correction term with our factor (f>. By 
definition 

4> o (7, 0, Jr; h) ((T v ) vev ; (Aj)j) = e <M(A i )0,7 H ((T„)„ ev )> ; 
and the exponent evaluates to 

(9.20) < ft((Ai)0,7Ji((2i)« e v) >= ^(Afc+i - A*) ( ^ T v 

k—l \i—j—k 

However, the weight factors of Joe and Kim are chosen precisely so that for every 
vertex v = mj with i — j = k, 



a,h a —v 



A a — J]] A a — Afc + i — Xk 



Therefore Joe and Kim's correction term J2 a eA Aa(2\ — Tt a ), reordered as a sum 
of T„'s with Xi coefficients, gives precisely (|9.20j) . and we are done. □ 

9.4. To show that the solutions to the equivariant quantum differential equations 
constructed by Joe and Kim can be put in the form of our Conjecture E21 we need 
finally to argue that our comparison map (7, 0, jr) is one-to-one when restricted 
to the integration contours put forward by Joe and Kim. 



34 



KONSTANZE RIETSCH 



Recall that (7, /3, 7r) : Z — > defines a covering onto its image. Let us 
choose compatible Riemann metrics on Z and (7, /?, 7^) (2), so that one is pulled 
back from the other. Suppose po G -2r» is a critical point of .T-ja' with its corre- 
sponding 'descending Morse cycle' for Re(TjK), denoted IY„- The gradient flow 
of Re{TjK) starting at p s r^, should therefore approach po in the positive limit. 
This gradient flow maps out a curve which can also be obtained as the unique lift- 
ing through p of the gradient flow curve of Re(J-B4>) starting at p :— (7, 0, jr) (p) 
in the base. Suppose now there was another point p' in Tj>* with the same image 
p' := (7, (3, Jr)(j}') = p- Then the gradient flow curve below, connecting p — p' with 
the image po of the critical po, would have a lift through p which ends up at po, and 
another lift through p' which also ends at pq. This, however, is in contradiction 
with the unique lifting of curves property of our covering. 

So we have seen that no two points in IV* can map to the same point under 
(7, [3, 7h). Therefore the map (7, (3, jr) amounts to a change of coordinates on the 
integration contour, and moreover by Theorem 19. 7\ a change of coordinates under 
which Joe and Kim's integrals transform to ones of the form (|8.f I) . 
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